Physics of waves group velocities in dispersion media

A.V. Koshelev

Phase and group velocities of waves are most frequently used in the
research of physical processes and phenomena in dispersion media. The difference
existing between phase velocities of ideal harmonic waves and real non-
monochromatic waves comes into conflict with their physical interpretation, that
sometimes brings some additional errors both in theoretical investigations and the
results of physical measurements. The concepts developed at the beginning of the
last century have not been properly estimated and now they need to be specified
and revised.

Introduction

Determination of different wave’s propagation velocities in dispersion
media has both scientific and practical significance, as it is used in investigation of
the wide array of physical phenomena and high-precision physical-and-technical
measurements [1, 2]. As we know, dispersion media are those whose refractive
index depends on the wave frequency. For the light waves these are the following:
air, liquids, glass; for radio waves — ionized plasma, etc. There exist dispersion
media for acoustic, mechanical, electric and many other types of oscillations [2].

In modern physics literature phase- and group- wave’s velocities in
dispersion media and consequently their refractive indices are equally used for
both qualitative and quantitative estimation of physical phenomena and the
parameters to be measured [1-7]. The present paper is show if it is correct to use
the concept of phase velocity for estimation of experimental data and interpretation
of real physical processes and phenomena in dispersion media. It is known that
phase velocity exists for only strictly monochromatic waves over the infinitely
large time range [1, 2], whereas real waves don’t comply with the condition of
monochromatic. In dispersion media real waves are modulated in time by random
processes, function switching - on and — off function and the discrete character of
radiation, for example, as light quanta. Hence it follows that there are no ideal
harmonic (monochromatic) waves in nature and thus there is no phase velocity in
dispersion media. The use of phase velocity for real waves is justified for non-
dispersion media only.

In physics textbooks, including special literature on wave’s theory [2-3], to
describe physical processes of wave’s reflection and refraction in dispersion media
the concept of phase refractive index is used. Sometimes the term “refractive index
in dispersion media” is used without specifying if it adheres to phase or group
velocity [5,6]. The author considers that it results from the contradicting statements
of these terms in home and foreign literature that disorients the reader. For
example, for a long time it has been stated in reference books on physics and
technology that any real waves are not monochromatic and propagate in dispersion
media with only group velocity [1]. But the same books when dealing with theory
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and solution of practical problems refer to phase velocities as actually existing
ones.

The value of the phase refractive index for the phase velocity of
electromagnetic waves may be derived from the known wave equation for
electromagnetic waves [1,3,4]
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where V- is Laplace operator; ¢+ — time; £ - electromagnetic- wave
electric field strength ; p and € - medium magnetic permeability and

permittivity; ¢ — light velocity in vacuum.
For media homogeneous in space and time equation [1,2] has a solution in
the form of an ideal harmonic wave

E(t)=E, cos(wt+@,)

where E; is an amplitude of electromagnetic waves; ® - angular frequency;
¢ - 1initial phase.
In this case phase velocity ¥, of a harmonic electromagnetic wave is

derived from the equation

Vo= == )

where n, is a wave- phase refractive index.

Actually real waves are not harmonic signals and dispersion media are not
homogeneous in space and time; the waves in these media propagate with only
group velocity [1] and their propagation and refraction directions are set by a group
refractive index. Unfortunately these statements have not been properly estimated
and used in the theory and practice of wave’s propagation both in classical physics
and adjacent scientific and technical disciplines [2-4, 7-10].

Propagation of modulated waves in dispersion media is usually described
with phase velocity being used for carrier waves, and group velocity — for
modulated waves envelopes [2 -10]. This statement substantially misrepresents
both the real physical picture of the process and phenomena under study and
interpretation of physical and technical measurements results. Thus in paper [4] it
is stated that the phase velocity of Gaussian beam in optical waveguides is greater
than that of the light in vacuum. In fact both carrier waves and modulating waves
in dispersion media propagate with only group velocities not exceeding the speed
of light in vacuum.

Let’s dwell upon the arguments in support of the real signal presentation as
random modulated oscillation. As a vivid example of it we may take record
stabilized laser radiation which is used as quantum frequency standard [8]. In this
case laser radiation may be considered as the closest one to ideal monochromatic
radiation. Its relative frequency instability may be estimated as the magnitude of an
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order 2 =107, where Aw - frequency drift; @, - mean value of laser frequency
@

per a time period set for long-time or short-time frequency stability. The present
frequency drift (quantum frequency standard) means that laser frequency o (t) is a
random continuously changing function, and thus, laser radiation is always
modulated in frequency by a random process. Since instantaneous radiation
frequency w(t) is determined as a derived function of signal y(t) in time w(t) =
dy(t)/dt, then frequency variation will result in phase modulation by a random
law. Random phase changes in their turn will affect radiation amplitude changes
resulting in random amplitude modulation. Thus, a real optical wave evens the
stabilized one is always modulated at the same time in amplitude, frequency and
phase by random processes. That is why it propagates in dispersion medium with
only group velocity [1, 12].

The electric field of laser radiation E(t) may be presented as a narrowband
(or quasimonochromatic) random process or in a simplified way as quasitharmonic
oscillation.

E(t) = E, (1) cos[(1) - t + 9, ()] = E, (1) cosy/ (1) . (3)

These are random changes functions of: E (¢) — electric field amplitudes
and o(t)— angular frequency; ¢,(¢#)— initial phase; w(t) - total phase,
respectfully.

Formula (3) is not the only form of representing real quasimonochromatic
waves. In a number of cases a more convenient form may be used — a harmonic
one. Such approach is possible when optical wave (3) is a stationary random
process and averaging is performed over the photo detector time constant which is
many times as great as the light wave period. Then in some cases a more usual
formula may be used for narrowband light waves

E(t) = E, cos(a)o 'H'(Do), 4)

where E,=E,(¢) , o, =w(t) and ¢, = ¢,(¢) are values averaged over time

of amplitude, angular frequency and phase, respectfully. It means that wave (4)
also propagates in dispersion media with group velocity and its characteristics are
received from statistically averaged parameters of a random wave.

For the spectral analysis of a real electric field E(z) in the form of equation
(3) we can use complex amplitude spectrum density S(w) obtained over a
reasonably large time interval, using inverse Fourier transform [4]

S(w) = _j E(t)-e ' dt )

where j = +V-1. Amplitude spectrum S(w) characterizes continuous
amplitude distribution of a random process E(t) depending on frequency m. It
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means that frequency variations (t) result in random variations of radiation
spectrum amplitudes S(w) which are small for the certain frequency value ®, but
different in amplitudes for each frequency value ® within the limits of o, < w < ®,
(fig.1).
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Fig.1. Spectrum density of laser electric field S(w) with average frequency
o under random variation of the resulting frequency w(t) over time t.

The fundamental importance of this paper lies in the statement that each
spectral component of a real random wave and a modulated wave with frequency ®
(o, ® , ) propagates with group velocity  and not with the phase one, as it is
stated in relevant literature. Otherwise we could have obtained ideal
monochromatic radiation from a random signal, but it is impossible as the filter
with bandwidth equal to zero is physically unrealizable. Spectral components S(w )
are also modulated in their random laws for each concrete frequency o in band Aw
=0 — M .

Spectral components of the pulse over the frequency band A ®, will
propagate with group velocities v,(®) in the same way as a pulse envelope which
changes relatively slowly.

The above mentioned statements may be applied to the waves of any
nature, propagating in their dispersion media with group velocities. Now we are
going to consider, how the author’ approach may be applied to the solution of
certain problems.

1. Radio waves propagation in ionosphere
Ionosphere is the most vivid one to reveal physical absence of phase

velocity as a real parameter. In this case, when only group velocities of real radio
waves and their spectral components are used in dispersion ionosphere with
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abnormal refraction, the following advantages are revealed. There is no need to
explain that the phase velocity of radio waves in ionosphere “may exceed the
velocity of light in vacuum”[2,9,10]. Concerning this question, a paradoxical
situation arises in relevant literature, when first the concept of phase velocity is
artificially introduced for monochromatic radio wave in dispersion medium, which
actually can’t exist. Then it is stated that it can propagate with the velocity
exceeding that of the light in vacuum. We know that any wave transfers energy
even if it is a monochromatic one, but the velocity of its transfer cannot exceed the
velocity of light in vacuum. Therewith it is explained that the phase of
monochromatic wave propagates with this velocity, though it is the phase that
specifies the value of the wave amplitude. As a matter of fact, as there is no any
phase velocity, there can’t be any waves propagating with the velocity exceeding
that of light in vacuum.

However the author does not deny using phase velocity in dispersion media
as a hypothetic parameter for purely theoretical investigations when there is no
way to do without it. In this case it is necessary to point out that the introduced
parameter i1s merely theoretical. For example, it is practically impossible to
determine phase velocity in dispersion medium, but it can be calculated by the
theoretical model [2] or from the value of the group velocity, say, from the known
equationn, -n_=1. It may be required for testing the validity of theoretical models

of dispersion media against their real models. Yet the derivation of the group
velocity from the theoretical values of phase velocity is not accurate enough, and
in practice, for this purpose the results of experimentally determined values of
group velocities are used as well as the dispersion methods of measuring group
mean-integral refractive index of ionosphere [7,9,10].

1.1 IONOSPHERE EFFECT ON GPS-MEASUREMENTS

In now existing methods of GPS-measurement the effect of ionosphere on the
value of distances between GPS-satellites and dual-tone receivers is determined by
means of dispersion. To do this, some series of simultaneous code and phase
measurements at carrier frequencies f; and f; are required. In code measurements
radio waves are said to propagate with group velocity o, and in phase

measurements at carrier frequencies f; = 1575.42 MHz and f, = 1227.60 MHz the
waves propagate with phase velocity v,[7,9,10].

The formulas of group and phase velocities have a form of v, =¢/n, and
v, = c/ n,, where c is a velocity of light in vacuum; n, and n, - group and phase
refraction indices, respectively. In modern literature [10] the refractive indices n,

and n, of these waves are determined from the known equations:

n =1+40';;Ne , (6)
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n,=1- Iz = (7)

where [ 1s frequency, Hz, N, — electron density in ionosphere. From equation (7)

it follows that phase velocity exceeds the velocity of light in vacuum. This
phenomenon is called phase advance. This statement, in its turn, is in contradiction
with the basic law of the theory of relativity according to which no wave or signal
can propagate with the velocity greater than that of light in vacuum.

Physical theories of supraluminal speeds are based on using phase velocities
in dispersion media. In modern scientific literature these questions are widely
discussed and used for both theoretical justification and physical experiments
interpretation. There are however some monumental works in physics which deny
the existence of phase velocities in dispersion media. For example, famous
scientists M. Born and E. Wolf state in their fundamental book [1] that «This
implies that the phase velocity cannot correspond to a velocity with which a signal
1s propagated. It is, in fact, easy to see that the phase velocity cannot be determined
experimentally and must therefore be considered to be void of any direct physical
significance». It is the author’s opinion that nowadays usage of the existing
theories based on phase velocities may give rise to extra errors in precise geodetic
measurements for both optical waves in troposphere (in optical range-finding) and
radio waves in ionosphere (GPS-measurements).

In the present state of affairs the only truth criterion in questions under study
may be experimental investigations to prove or rule out the existence of phase
velocities in dispersion media. The paper presents the experiment made by the
author to check the statements under discussion. The results of real double-
frequency phase GPS- ranging, including that of radio waves passing through
ionosphere were used for the purpose. The relative stability of carrier frequencies f;
and f; in GPS-systems is estimated as the magnitude of an order of 10™° - 10,
The measurements of the kind are now characterized as the most precise ones
possible for ranging tens of thousands kilometers.

Code ranging in GPS are made at modulation frequency fr = 10.23 MHz
using carrier frequencies f; = 1 575.42 MHz and f; = 1227.60 MHz. The results of
code ranging at frequencies f; and f; are designated as P; and P,. The radio waves
modulated by the codes in ionosphere are sure to propagate with group velocities.
For phase ranging L; and L, the signals of carrier frequencies f; and f; are used. The
present paper is to determine if carrier radio waves propagate in ionosphere at
frequencies f; and f, with phase velocity or with the group one. For this purpose
the author compared the results of code rangings3 P, and P, with the phase ones L,
and L,. The group and phase velocities were used to determine the corrections for
ionosphere in the results of phase measurements L; and L,

The results of simultaneous rangings in ionosphere both code (P, P, ) and
phase ( L;, L,) ones at frequencies f; and f, may be presented in the form of the
two pairs of equations [9-10]:



Ay
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Py =Py, +—5-=P, +AP,
2

and (8)
A
+—f =L, +AL,

1

L, =L,

A
L,=L, +f—f=Lf2 +AL,

2

where P, P,, and L, ,L,, are distances undistorted by ionosphere; AP ,AP,
and AL, , AL, -corrections in code and phase rangings at frequencies f; and f>; 4,
and A, - integral figures for code and phase rangings to characterize the state of

ionosphere along the path of radio waves propagation at the moment of
measurement.

The figures Ax and Ap, in their turn, may be calculated from the
corresponding pairs of code or phase measurements by the known method [7] with
equations:

_AP-(f2f)
-
AL D)
(-

where AP=P, -P,AL=L,-L,.
Then the values found for A4, and 4, may be used to determine the ranging
corrections according to the formulas [9,10]:

AK AP-f22 AK AP-fl2
API: 2: 2 2 s 2: 2: 2 2 2
=) =)
)
A, AL-f? A, AL-f?

AL =L AL, =1 =
N A A (A )

For frequencies f; and f5, used in GPS, their ratio values may be taken as:

2 2
JC_osastarrs, Lt 154570778,
f1 _fz fl _fz

Equations (8) may be applied to determine satellite ranges P and L, corrected for
the 1onosphere refractive index.

The author’s research was based on the GPS measurements results taken
from the test logs in Internet [11]. The observations with Topcon receiver were
conducted in Novosibirsk in accordance with the international program. The real
distances P;, P, and L; ,L, to the two satellites G 19 and G 28, determined by
GPS-receiver, are given in Table 1. The results of phase rangings L; , L, were
received by multiplying the number of phase cycles by the wave lengths in
vacuum, corresponding to frequencies f; and f.



TABLE 1
Da‘Fe Satellite Code measurements, m Phase measurements, m
No and time number | p p L L
" | (Greenvich) 1, m 2, M Mmoo Lo, m

1 23.07.09 G19 23237 001.686 | 23 237 004.303 | 23 237 002.978 | 23 237 006.591
13h08m10s

2 23.07.09 G 28 20922 182.332 | 20 922 184.775 | 20 922 183.098 | 20 922 187.252
13h08m10s

According to Table 1, in all the measurements results P;<P, and ;< L, for
frequencies f; > f;. That testifies to the necessity and propriety of using the
ionosphere group refractive index, i.e. formula (8). In this case the design formulas
for calculation of distances P and L, corrected for ionosphere, are as follows:
P,=P —-AR , L,=L -AL atfrequency f; and P,=P,-AP, , L;, =L, -AL, at
frequency f>. Thus, with equations (8) and (9) we can obtain distances , corrected
for the ionosphere refractive index. The corrections calculated for the measured

distances P and L are given in Table 2.
Table 2

Satellite AP,m AL , m APl,m APZ ., m ALl,m ALz,m
number

G19 2.617 3.613 4.045 6.662 5.585 9.198
G 28 2.443 4.154 3.776 6.219 6.421 10.575

The spreadsheet of the corrected distances for phase and group velocities is
presented in Table 3.

Table 3
e
.COd Phase measurements of lengths L
rangings P, m

Satellite ] )
number Group velocity. Phase velocity .

Bo=Pom | Ly=L,, o s Ly< Lfor froquenies

usin ase velocity is incorrect.

G19 23236 997.641 23236 997.393 17 J2USIng P y
G 28 20922178.556 20922 176.677

It is seen from Table 3, that for the lengths corrected for the ionosphere effects,
when the group velocity is used, the results P, = P,, and L, =L, at frequencies
f1 and f; are fully coincident (as are the calculated corrections and the results

received from formula (8). In case of using the phase velocity we have a
contradiction between the theoretical formula, which takes into account the phase
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advance, and the practical results. Consequently, the statement that carrier radio
waves propagate in ionosphere with phase velocities is erroneous.

It follows that application of phase velocity in ionosphere for GPS-
measurement processing has a negative effect on the coordinate determination in
the absolute mode. To a lesser degree it affects measurements in differential mode,
as for simultaneous measurements for coordinates increase calculations these
errors are systematic and usually cancel one another.

It is therefore concluded that:

- it has been found experimentally that there is no phase velocity in
dispersion media; radio waves propagate in ionosphere with group velocity;

- using only group velocity for processing phase GPS-measurements allows
for more accurate determination of coordinates and distances by GPS-receivers,
especially in absolute mode;

- in anomalous dispersion media, when using group velocity, the basic
statement of the theory of relativity is not violated as concerns the fact, that the
transfer velocity of the wave amplitude, power and energy does not exceed the
speed of light in vacuum. Consequently the statement of the phase advance and
supraliminal speeds of waves and particles in anomalous dispersion media is
contrary to fact.

2. Optical waves propagation in troposphere

At present phase and group refractive indices of optical waves in
atmosphere are widely used in physics, optics [1-4,5-8], astronomy, geodesy
[13,14] and other fields of science and technology to account for the dispersion
medium effect on the results of angular and linear measurements, in special
guidance systems of laser and optical radiation as well as in other fields.

Special attention should be paid to the following applications of the phase
refractive index:

- in interferometers for measuring distances and interferometers-refract
meters for medium refractive index determination;

- in dispersion angular refractometry and for determination of refraction
corrections by interference techniques [7,14].

The group refractive index is used to determine the light propagation
velocity in modulation- pulse- and phase laser range-finding, and dispersion
refractometry using external modulation [5- 7,14].

Analysis of the available literature shows that at present the author of all
the basic works on determination of the air refractive index for optical waves is a
Swedish scientist Edlen [5,6]. However in his works he uses only the term
“refractive index” and does not specify what kind of refractive index (phase or
group) his formulas are derived for. In technical literature the value of the
refractive index determined by Edlen was renamed into the “phase refractive
index” due to the substitution of the real quasimonochromatic radiation by an ideal
monochromatic one. This resulted from the erroneous statement of the phase
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velocity existence in dispersion medium. Since Edlen derived the value of the
refractive index from interferometer measurements, using real radiation, which (as
shown above) propagated with group velocity, he practically determined the group
refractive index and not the phase one as it is commonly assumed in the existing
literature [5-7,14].

As a result, the situation arises in which the substitution of the term “phase
refractive index” by the “group refractive index” does not make Edlen’s refractive
index incorrect, when used for determination of the velocity and the direction of
optical waves, to solve the above mentioned problems. As a consequence, the
specified Edlen’s formula for standard conditions in the form of the group
refractive index instead of the phase one may be presented in Selmeir form as
equation [5]:

24060.30 N 159.97
(130-06%) (389-0?%)’

(5, —1)10° =83.4213+ (10)

where 6 = 1/A - a wave number in pm ', A - wavelength, pm.

The given paper puts forward the comparative analysis of the theoretical
research [12] and the experimental data of the two-wave optical range findings
presented in literature [7,13,14]. By solving the problem of determining the true
velocity of optical waves in the atmosphere we can considerably improve the
accuracy of both optical range finders and more precise instruments, refractometric
range finders. The latter were created in 1970s of the last century on the basis of
the two- and multi-wave dispersion methods and are seldom used now.

To solve the set problem we should consider the formula, referred (R) to (in
paper [12]) as the group index of optical waves tropospheric refractive index under
the standard conditions, in the form of Cauchy equation

(nf ~1)-10° =272.6129+1'5/12294+0'0/11367 , (11)

where n(lf is a group refractive index of optical waves in standard
conditions, A is the wavelength in vacuum. Under the standard conditions the
following are meant: T, =288.15°K - temperature, 'K (£, =15°C); P, =760 mm
Hg — pressure; humidity — “dry air” with 0.03% of carbon dioxide).

Formula (11), previously referred to as the phase refractive index, resulted
from the experimental measurements. As any real radiation used for measurements
is not, strictly speaking, a monochromatic one existing in the optical radiation
carrier-band Ao, it propagates in the atmosphere at the group velocity [5,6] only.
From here on formula (11) will be referred to as formula of the group refractive
index.

For standard conditions the now used (U) formula of the group refractive
index (n; ) of optical waves in troposphere takes the form of :
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3-1.5294 5-0.01367
7t 7 . (12)
Formula (12) was derived by substituting equation (11), as the phase refractive
index, into the known Rayleigh-equation, connecting the group and phase
refractive indices [7,14].
For the conditions other than the standard, the group refractive index n of the

(ng —1)-10°=272.6129 +

air may be calculated by the value of n, =(n; or née ) in the following expression
[7,14]:

T,-P
(nR(U) _1).106:(n§(U)_1).106ﬁ — (17045_

0"

0.5572) e
2/2 T >

where P, T and e are the corresponding mean values of pressure,
temperature and humidity measured at the ends of the line at the moment of
observation.

The above set problem was solved by comparing the results of the
calculations from formulas (11) and (12) with the experimental measurements data.
The lack of phase velocity and inaccuracy of formula (12), widely used now, are
most vivid, when comparing the path-length difference calculated for the light
wavelengths A; and A, with real measurements by the two-wave optical
refractometric range-finder, presented in papers [14]. The instrument employed
two lasers with wavelengths A; =0.6328 pm and A, =0.4416 um of the red and
blue light beams, respectively. In simultaneous measurements of length differences
A,=D(\;) - D(\) high frequency laser-beam modulation (of the order of 2.6 GHz)
with wavelengths A; and A, exhibited instrumental error o of the fractions of
millimeter. The distances D(4,)and D(4,)in the table were determined (d) by the
formulas: D(A,)=D,-n(4)=D,[1+N(4)-10°], D(A,)=D, n(A,)=D,[1+N(4,)-10°].
taking into account weather conditions under which measurements with
refractometric range finder [13] were taken.

To evaluate the efficiency of the formulas offered and applied (12) by the
author (11), calculations of the refractive indices and the length differences of the
lines under measurement have been conducted. They are presented in the table.

Table 4
A =0,6328 um
Formula type
N(\) D (M)
R 277.060 5901.635 m
U 285.039 5901.682 m
A, =0.4416 um
N(\y) D (1)
R 281.305 5901.660 m
U 298.428 5901.760 m
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Path length differences:
A:=D (M) - D (M)

R 0.025 m

U 0.079 m

The results of the calculations made in the table were compared with the
data of the practical measurements made in NOAA by Earnshaw and Hernandez
[13,14], presented in Fig. 2.

D,= 5.9 Kkn
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Corrected distance -
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Fig.2. The data of the field measurements of the line Dy=5.9 km, made by
the two-wave phase laser rangefinder [13-14].

As follows from the comparative analysis of the table data and the
measurements results presented in fig. 1, the value of the wave path- length
difference (25.0 mm), calculated from the formulas offered by the author (1) is
almost the same as the averaged measurement value 4,, *<30 mm. Formula (12)
used by the refractometer creators gives the value of path-length difference equal
to 79.0 mm, that is three times as great as that received in practice. Hence it
follows that formulas (12) used nowadays prevent from both obtaining true
measurements results and wide introduction of refractometric range-finders into
the practice of modern precision geodetic measurements.In a similar way the
problem may be considered, as concerns light propagation in glass and other
dispersion media with normal refraction wherein optical radiation also propagates
with group velocity.

It is very important to use group velocities in dispersion media of quantum
frequency standards with record stability of synchronized modes, created due to
the periodic sequence of femtosecond laser pulses [8]. In such standards the
stabilized frequency spectrum is made by harmonics of femtosecond pulse-
periodic sequence envelope. On the basis of such frequency standards the standard
of length is planned to be made.
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3. Reflection and refraction of light

In the currently available literature these problems are stated using phase
velocities and phase refractive indices [2-4]. Consider these questions taking into
account real group velocities of dispersion waves. Let these media be air and glass,

where waves propagate with group velocities v,, and v,,. Let the boundary of the

two plane homogeneous dispersion media 1 and 2 goes along axis X, and the
plane wave strikes normal Z at angle 0, and divides into two: the reflected wave
and the refracted one (fig. 3).

Using the known formulae [2-4] we can write the laws of reflection and
refraction as follows

Z OTpameHHAT
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radiation in  dispersion  media
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Fig. 3. Reflection and refraction of Thus, the directions of real
waves at the two media interface waves when reflected or refracted

in dispersion media are determined
by the group refractive indices and not the phase ones [2-4].

CONCLUSION

1. For the description of physical processes of real wave’s propagation in
the dispersion media, the group velocity and the group refractive index should be
used.

2. Any experimental measurements of waves and their spectral
components in dispersion media deal with their group velocities.

3. In physics and technical disciplines the concepts of “phase velocity”
and “phase refractive index” in dispersion media should be considered as having
no real basis and should be replaced by “group velocity” and “group refractive
index” respectfully. Phase velocity in dispersion media may be used only for
theoretical investigations and as an auxiliary parameter of an ideal harmonic wave.

4. Interpretation of any results of physical-and-technical measurements
in dispersion media should deal with the concepts of “group velocity” and “group
refractive index”.
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